ABSTRACT. The aim of this article is to obtain a better understanding and classification of strictly ergodic topological dynamical systems with discrete spectrum. To that end, we first determine when an isomorphic maximal equicontinuous factor map of a minimal topological dynamical system has trivial (one point) fibres. In other words, we characterize when minimal mean equicontinuous systems are almost automorphic. Furthermore, we investigate another natural subclass of mean equicontinuous systems, so-called diam-mean equicontinuous systems, and show that a minimal system is diam-mean equicontinuous if and only if the maximal equicontinuous factor is regular (the points with trivial fibres have full Haar measure). Combined with previous results in the field, this provides a natural characterization for every step of a natural hierarchy for strictly ergodic topological models of ergodic systems with discrete spectrum. We also construct an example of a transitive almost diam-mean equicontinuous system with positive topological entropy, and we give a partial answer to a question of Furstenberg related to multiple recurrence.
INTRODUCTION
The family of ergodic systems with discrete spectrum was one of the early objects of study of formal Ergodic Theory (by Von Neumann in 1932 [31] ). It is one of the few families where the isomorphism problem is well understood (using spectral isomorphism): as stated by the Halmos-Von Neumann Theorem [20] , every isomorphism class can be represented with a simple object, a group rotation on a compact abelian group. More generally, the celebrated JewettKrieger Theorem states that every ergodic system is isomorphic to a strictly ergodic (uniquely ergodic and minimal) model.
However, even in the case of discrete spectrum, strictly ergodic systems may be very different from a group rotation. Surprisingly, recent work has shown that the family of all topological dynamical systems that are strictly ergodic models of discrete spectrum systems may exhibit a rich range of behaviours (from a topological point of view) [28, 14, 6, 11, 17, 22] . It turns out that these properties can be classified in a natural hierarchy, in which the best-understood systems with topological discrete spectrum -namely the equicontinuous systems -just present the simplest subclass and only a small fraction of the whole family. Apart from the intrinsic interest, the aim for a better understanding of this class of systems is also motivated by mathematical studies of quasicrystals, whose associated dynamical models often fall into this category (that is, they combine strict ergodicity and discrete spectrum [3] ).
For simplicity, we restrict to the case of Z + -actions and say a topological dynamical system (t.d.s) is a pair (X , T ) consisting of a compact metric space X and a continuous transformation T : X → X . When it comes to classifying strictly ergodic systems (with or without discrete spectrum), an important and well-known concept is that of the maximal equicontinuous factor (X eq , T eq ) and its factor map π eq : X → X eq . The latter exists for every topological dynamical system (e.g. [1, 5] ) and can be obtained in a constructive way via the regionally proximal equivalence relation [1] . If (X , T ) is minimal, then (X eq , T eq ) is both minimal and uniquely ergodic, and we denote its unique invariant measure by ν eq . The following is a natural hierarchy for strictly ergodic systems with discrete spectrum, based on the invertibility properties of the map π eq : π eq is a conjugacy (1-1) ⇒ π eq is regular (almost surely 1-1, that is, 1-1 on a set of full measure) ⇒ π eq is isomorphic and almost 1-1 (that is, 1-1 on a residual subset) ⇒ π eq is isomorphic ⇒ (X , µ, T ) has discrete spectrum (where µ is the unique invariant measure of (X , T )).
Note that if an ergodic system has discrete spectrum, then it has to be isomorphic to an equicontinuous system, but this isomorphism is not necessarily given by the maximal equicontinuous factor map (actually every ergodic system has a uniquely ergodic mixing topological model [27] ). In other words, the Kronecker factor in the Halmos-Von Neumann Theorem may be strictly bigger than the maximal equicontinuous factor, and this is the case if and only if there exist L 2 (µ)-eigenfunctions that are not continuous. Hence, the last property is strictly weaker than the previous one.
An important notion in this context is that of mean equicontinuity (or mean-L-stability, a weakening of equicontinuity). It was introduced by Fomin already in 1951 [9] , but in the next 60 years only a few papers studying this property appeared [2, 30] . In particular, it was left as an open question if minimal mean equicontinuous systems (equipped with their unique ergodic measure) have discrete spectrum. Recently, this question was answered independently by Li, Tu and Ye [28] , and by García-Ramos [14] using different methods (also see [21, 15] ). García-Ramos characterized when topological models of an ergodic system have discrete spectrum, using a weaker notion called µ-mean equicontinuity. Li, Tu and Ye proved that mean equicontinuity is stronger than just discrete spectrum because the isomorphism to the group rotation can be achieved using the maximal equicontinuous factor. Downarowicz and Glasner [6] proved the converse, that is, if the maximal equicontinuous factor of a minimal systems yields an isomorphism then the system must be mean equicontinuous. Furthermore they showed that some minimal mean equicontinuous systems are not almost automorphic ( π eq is not almost 1-1). Altogether, this means that the last two steps in the above hierarchy can be characterized using (µ-)mean equicontinuity.
In this paper, we thus aim to characterize the second and third step (the first is just equicontinuity). To that end, we introduce the notion of frequent stability and diam mean equicontinuity, closely related to Lyapunov stable sets and mean equicontinuity. Under the assumption of minimality, we show that for mean equicontinous systems the maximal equicontinuous factor map π eq is almost 1-1 if and only if (X , T ) is frequently stable (Theorem 3.6). Moreover, we show that π eq is regular if and only if (X , T ) is diam-mean equicontinuous (Theorem 4.12).
Other families of systems with discrete spectrum are null systems (zero topological sequence entropy [26, 19] ) and tame systems (Glasner [17] ). It is now understood that these properties are very closely related to the hierarchy. It is not difficult to see that every equicontinuous system is null. Kerr and Li proved that these notions can be characterized using combinatorial independence and that every null system is tame [24] . Fuhrmann, Glasner, Jäger and Oertel showed that for every minimal tame system π eq is regular [11] . See [22, 18, 14] for previous weaker results.
In summary, we obtain the following hierarchy for minimal systems:
Equicontinuity (⇔ topological discrete spectrum) ⇒null (⇔no unbounded independence) ⇒tame (⇔ no infinite independence) ⇒diam-mean equicontinuous (⇔ π eq regular) We should mention that some work has been done for non-minimal systems and non-ergodic measures [12, 29, 21] , but further work will be required to extend our results in this direction. In contrast to this, with the use of [12] , the extension to locally compact amenable group actions should be straightforward (except for Section 6).
In addition to the above-mentioned results, we also study transitive almost diam-mean equicontinuity, a weakening of diam-mean equicontinuity. We show that transitive almost diam-mean equicontinuous systems may have positive topological entropy (note that systems with discrete spectrum have zero entropy). So, at least in this sense, almost diam-mean equicontinuous systems do not appear to be that different to almost mean equicontinuous systems (in contrast to the minimal case). Finally we give a partial answer to a question of Furstenberg related to multiple topological recurrence.
The paper is organized as follows. In Section 2, we give some basic notions in t.d.s. In Section 3 we show that for mean equicontinous systems π eq is almost 1-1 if and only if (X , T ) is frequently stable. In Section 4 we study the basic properties of diam-mean equicontinuous systems and we prove that π eq is regular if and only if (X , T ) is diam-mean equicontinuous. In Section 5 we consider diam-mean sensitivity and almost diam-mean equicontinuity. Furstenberg asked if for every t.d.s.
We give a positive answer for the class of mean equicontinuous systems in Section 6.
PRELIMINARIES
Throughout this paper, we denote by Z + and N the sets of non-negative integers and natural numbers respectively. 2.1. Subsets of Z + . Let F be a subset of Z + . The upper density and upper Banach density of F are defined by
respectively, where #{·} denotes the cardinality of the set. It is clear that D(F) ≤ BD * (F) for any F ⊂ Z + .
Topological dynamics.
We say (X , T ) is a topological dynamical system (t.d.s.) if X is a compact metric space (with metric d) and T : X → X is a continuous function. We denote the forward orbit of x ∈ X by orb(x, T ) = {x, T x, . . .} and its orbit closure by orb(x, T ). We say x ∈ X is transitive if orb(x, T ) = X . On the other hand a t.d.s. (X , T ) is transitive if for any non-empty open sets U,V ⊂ X there exists n ∈ N such that T n U ∩V = / 0 and is minimal if every point of X is transitive. We call x ∈ X an equicontinuity point if for any ε > 0 there is a δ > 0 such that for every y ∈ X with d(x, y) < δ , we have d(T n x, T n y) < ε for all n ∈ Z + . A t.d.s. is equicontinuous if every x ∈ X is an equicontinuity point (note that by compactness every equicontinuous t.d.s. is uniformly equicontinuous, so a t.d.s. is equicontinuous if and only if the family {T n } is equicontinuous).
Let (X , T ) and (X ′ , T ′ ) be two t.d.s. We say (X ′ , T ′ ) is a factor of (X , T ) if there exists a surjective continuous map f :
(X , T ) has a unique (up to conjugacy) maximal equicontinuous factor (m.e.f.) (X eq , T eq ) [8] , that is, an equicontinuous factor such that every other equicontinuous factor of (X , T ) is a factor of (X eq , T eq ). We will denote the maximal equicontinuous factor map by π eq . Every transitive equicontinuous system is strictly ergodic and we denote this measure with ν eq . Given a t.d.s. the Besicovitch pseudometric is given by
CHARACTERIZATION OF ALMOST AUTOMORPHIC MEAN EQUICONTINUOUS SYSTEMS
In this section we give a characterization of almost automorphic mean equicontinuous systems. We begin with the following definition.
Actually a t.d.s (X , T ) is mean equicontinuous if and only if for every
represents the open ball of radius δ centred at x. For A ⊂ X , we denote the diameter of A by diam(A). The following definition is crucial for the main result of the section. Definition 3.2. Let (X , T ) be a t.d.s. We say that x ∈ X is a frequently stable point of (X , T ), if for every ε > 0 there exists δ > 0 such that
We will need the following lemmas. Proof. Fix δ > 0 and x ∈ X . By minimality of (X , T ) there exists n ∈ N such that
would be a finite union of meager sets, contradicting Baire's Theorem. Using compactness again, one obtains that there exists η > 0 such that the image under π of any δ -ball in X contains an η-ball in Y . Now we are ready to show Theorem 3.6. Let (X , T ) be a minimal mean equicontinuous t.d.s. Then the following are equivalent.
(
(ii) every x ∈ X is frequently stable; (iii) there exists at least one frequently stable point of x;
Proof. The fact that (ii) implies (iii), and (i) implies (iv) are obvious. First we will prove (iv) implies (i). Suppose that there exists y ∈ X eq such that π −1 eq (y) is finite. Using Lemma 3.3 we have that for every ε > 0 there exists n ∈ N such that d(T n x, T n x ′ ) ≤ ε for every x, x ′ ∈ π −1 eq (y). Note that T n x, T n x ′ ∈ π −1 eq (T n y). Using minimality we have that T : X → X is surjective and hence for each z ∈ π −1 eq (T n eq y) there is
eq (T n eq y). Using Lemma 3.4 we conclude that π eq is almost 1-1. Now we will prove (i) implies (ii). By hypothesis there exists y 0 such that |π −1
eq (B η (y))) ≤ ε for every y ∈ B η (y 0 ). Since ν eq is fully supported, B η (y 0 ) has positive measure (and contains a smaller ball with positive measure and boundary with null measure). Thus by strict ergodicity, we have that
Let x ∈ X . Since π eq is continuous there exists δ > 0 such that diam(π eq (B δ (x))) < η. Without loss of generality we may assume T eq is an isometry. This implies that B η (T n eq (π eq x)) = T n eq B η (π eq x) for every n ∈ N. Consequently
) < ε; since this happens with positive density we conclude (X , T ) is frequently stable.
Hence, it remains to show that (iii) implies (i). Without loss of generality suppose that diam(X ) = 1. We assume that π eq is not almost 1-1 and we will show that no point in X is frequently stable. As (X , T ) is minimal and mean equicontinuous, [28, 6] yields that π eq is a measure-theoretic isomorphism between (X , T, µ) and (X eq , T eq , ν eq ), where µ and ν eq are the unique measures on (X , T ) and (X eq , T eq ) respectively. Hence, there exists
Since π eq is not almost 1-1, we have that π −1 eq (y) > 1 for all y ∈ X eq . By Lemma 3.4, there exists ε > 0 such that diam(π −1 eq (y)) > ε for every y ∈ X eq .
Claim: for any η > 0 there exists κ = κ(η) > 0 such that for any y ∈ Y and any x ∈ π −1 eq (y) we have that µ(B ε/8 (x) ∩ π −1 eq (B η (y)) ≥ κ. Suppose for a contradiction that this is not the case. Then there exist y n ∈ Y 0 and x n ∈ π −1 eq (B η (y n )) such that lim n→∞ µ(B ε/8 (x n ) ∩ π −1 eq (B η (y n )) = 0. By minimality, the topological support of µ is all of X , so that every non-empty open subset of X has positive measure. In particular, if y = lim n→∞ y n and x = lim n→∞ x n (where we go over to convergent subsequences if necessary to ensure existence of the limits), the open set U = B ε/16 (x) ∩ π −1 eq (B η/2 (y)) has positive measure. However, for n large enough U is contained in B ε/8 (x n ) ∩ π −1 eq (B η (y n )), leading to a contradiction. This proves the claim.
If we apply the above claim to any y ∈ Y 0 and two points
eq (B η (y) ∩Y 0 ) for j ∈ {1, 2}, then we obtain the following statement.
For every
Let x ∈ X and δ > 0. Due to Lemma 3.5 there exist η > 0 and y ∈ π eq (B δ (x)) such that B η (y) ⊆ π eq (B δ (x)). Now, let ϕ : B η (y) → B δ (x) be a measurable mapping that satisfies π eq • ϕ(y ′ ) = y ′ for all y ′ ∈ B η (y) (such a ϕ exists by the well known result of Jankov-von Neumann). Then Lemma 3.3 implies that
for all y ′ ∈ B η (y). Hence, dominated convergence yields
which further implies
Consequently, we obtain that
For any i ∈ Z + , let A 1 (T i eq (y)) and A 2 (T i eq (y)) be given by ( * ). Then
for every j ∈ {1, 2}. The fact that this happens for a set of i of full density and we also have
Since π eq is a factor and π eq • ϕ(y ′ ) = y ′ for all y ′ ∈ B η (y), then
Consequently, as ϕ(y 1 (i)), ϕ(y 2 (i)) ∈ B δ (x), we obtain
As x ∈ X and δ > 0 were arbitrary, we conclude that there are no frequently stable points of (X , T ). This completes the proof.
Sometimes when π eq : (X , T ) → (X eq , T eq ) is almost 1-1 it is said that (X , T ) is almost automorphic. The fact that a minimal t.d.s. is mean equicontinuous if and only if π eq is isomorphic ( [28, 6] ), together with the previous theorem, implies the following corollary. We end the section with the following remark Remark 3.8. In [6] , a minimal mean equicontinuous t.d.s. where π eq is not almost 1-1 was constructed. Our result indicates that any such example cannot be frequently stable and π eq has to be inifite to one at every point.
CHARACTERIZATION OF DIAM-MEAN EQUICONTINUITY
In this section we first give basic properties of diam-mean equicontinuous systems, and then we show the main result of the section, i.e. that minimal system are diam-mean equicontinuous if and only if their maximal equicontinuous factor is regular.
4.1.
The basic properties of diam-mean equicontinuous systems. Diam-mean equicontinuity was introduced in [14] . Definition 4.1. Let (X , T ) be a t.d.s. We say x ∈ X is a diam-mean equicontinuity point if for every ε > 0 there exists δ > 0 such that lim sup
We say (X , T ) is diam-mean equicontinuous if every x ∈ X is a diam-mean equicontinuity point. We say (X , T ) is almost diam-mean equicontinuous if the set of diam-mean equicontinuity points is residual.
A t.d.s. is diam-mean equicontinuous if and only if for every ε > 0 and x ∈ X there exists δ > 0 such that lim sup N→∞
It is not difficult to check that a transitive t.d.s. is almost diam-mean equicontinuous if and only if there exists a diam-mean equicontinuity point and that a minimal almost diam-mean equicontinuous system is always diam-mean equicontinuous. Definition 4.2. Let (X , T ) be a t.d.s. We say a set U ⊂ X is ε−stable in the mean if (1) sup Proof. It is clear that the late condition implies diam mean equicontinuity. Now assume that (X , T ) is diam mean equicontinuous. For each ε > 0 there is δ > 0 such that for each x ∈ X (2) lim sup
Assume the contrary that (1) does not hold. Then there are x i ∈ X , δ i → 0, ε 0 > 0 and
Without loss of generality assume that x i → x and δ = δ (ε 0 ). When i is large we have that B δ i (x i )) ⊂ B δ (x); a contradiction since (2) holds.
Another property of the diam-mean equicontinuity t.d.s. is the following.
Lemma 4.4. Let (X , T ) be a t.d.s. Then x ∈ X is a diam-mean equicontinuity point if and only if for every
Proof. We assume without loss of generality that the diameter of X is bounded by 1.
(⇒) Let x ∈ X be a diam-mean equicontinuity point. Assume that there exists η > 0 such that for every δ > 0 we have that
Let ε = η 2 . Since x is a diam-mean equicontinuity point we may choose δ ∈ (0, ε) such that
At the same time, we have that
(⇐) Now assume that for every η > 0 there exists δ > 0 such that
Given ε > 0, let η = ε/2 and choose δ > 0 such that the previous inequality holds. Then
Hence x is a diam-mean equicontinuity point.
In summary we have the following.
Proposition 4.5. Let (X , T ) be a t.d.s. the following are equivalent:
(1) (X , T ) is diam-mean equicontinuous (2) For every ε > 0 there exists δ > 0 such that for every x ∈ X sup n∈N 1 n n ∑ j=1 diam(T j B δ (x)) < ε. (3) For every ε > 0 there exists δ > 0 such that for every x ∈ X D j ∈ Z + : diam(T j B δ (x)) > ε ≤ ε.
4.2.
Banach diam-mean equicontinuity and regularity. Banach mean equicontinuity was introduced in [28] and has been studied in [29, 6, 12] (on the last two papers under the name Weyl equicontinuity). In this paper we introduce the diam version.
Definition 4.6. Let (X , T ) be a t.d.s. We say x ∈ X is a Banach diam-mean equicontinuity point if for every ε > 0 there exists δ > 0 such that lim sup
We say (X , T ) is Banach diam-mean equicontinuous if every x ∈ X is a diam-mean equicontinuity point. We say (X , T ) is almost Banach diam-mean equicontinuous if the set of Banach diam-mean equicontinuity points is residual. Every Banach diam-mean equicontinuity point is a diam-mean equicontinuity point but the converse does not hold (see Section 5) . The proof of the following lemma is similar to the proof of Lemma 4.4. Proof. Without loss of generality we may assume T eq is an isometry. Let F = {y ∈ X eq : π −1 eq (y) = {x y }}. Since π eq is regular we have that ν eq (F) = 1. Let ε > 0. There is a compact
Lemma 4.7. Let (X , T ) t.d.s. Then x ∈ X is a Banach diam-mean equicontinuity point if and only if for every
Moreover, for all y ∈ G ε , there is y i such that y ∈ B δ y i (y i ). This implies that B η (y) ⊂ B δ y i (y) ⊂ B 2δ y i (y i ). By uniform ergodicity, there exists
for all j ∈ N, K ≥ L and y ∈ X eq . Now, choose δ > 0 such that if U ⊂ X and diam(U ) < δ then diam(π eq (U )) < η/2. Let U be a non-empty open subset of X with diam(U ) < δ . Since T eq is an isometry we have that diam(T i eq π(U )) < η/2 for every i ∈ N. Let y ∈ π eq (U ). For every i ∈ N such that T i eq y ∈ G ε we have that
We conclude that when
finishing the proof.
In [14] it was shown that every minimal null system is diam-mean equicontinuous. We can now obtain a stronger result using Proposition 4.9 and the recent result that the m.e.f. π eq , of every minimal tame t.d.s. is regular [11] .
Corollary 4.10. Every minimal tame t.d.s. is Banach diam-mean equicontinuous.

Proposition 4.11. Let (X , T ) be a diam-mean equicontinuous minimal t.d.s. Then π eq is regular.
Proof. We have that (X , T ) is mean equicontinuous and frequently stable hence π eq : (X , T ) → (X eq , T eq ) is almost 1-1. Assume that π eq is not regular. Then ν eq ({y ∈ X eq : diam(π −1 eq (y)) > 0}) = 1. This implies that there is ε > 0 such that δ := ν eq (A ε ) > 0, where
Now let U be an non-empty open subset of X . Since π eq (U ) contains an open non-empty subset of X eq , we know that there is y 0 ∈ X eq such that π −1 eq (y 0 ) ⊂ U is a singleton, since π eq is almost 1-1. By minimality, there is a sequence (n j ) j∈N such that T n j eq y → y 0 . This implies that
contradicting the diam-mean equicontinuity of (X , T ) since δ is independent of U .
Using much stronger hypothesis, the previous result was obtained in Theorem 54 of [14] .
Combining the above two propositions we have the following main result of the section. 
π eq : X → X eq is regular.
A t.d.s. (even non-minimal) is mean equicontinuous if and only if it is
Banach mean equicontinuous [29, 12] . So we ask. Question 2. Do any of the equivalences of Theorem 4.12 hold for non-minimal systems?
In the following section we will see that locally (1) and (2) are not equivalent.
DIAM-MEAN SENSITIVITY AND ALMOST DIAM-MEAN EQUICONTINUITY
In this section first we present the counter part of diam-mean equicontinuity, i.e. diam-mean sensitivity. Then we investigate the local version of diam-mean equicontinuity, i.e. almost diammean equicontinuity. The main result of this section is the construction of an almost diam-mean equicontinuous systems with positive topological entropy. 
The following result was proved in [14] . 
The proof of the following proposition is similar to the proof of Proposition 5.2 in [14] . 
5.2.
Almost diam-mean equicontinuity. If (X , T ) is minimal then x ∈ X is a diam-mean equicontinuity point if and only if it is a Banach diam-mean equicontinuity point. We will see this is not true for transitve systems. Almost Banach mean equicontinuous systems always have zero topological entropy but transitive almost mean equicontinuous systems may have positive topological entropy [28] (for a P-system example see [16] ). In this section we will see that even transitive almost diam-mean equicontinuous systems may have positive topological entropy. We will construct symbolic dynamical systems. Let The shift map σ : Σ k → Σ k is defined by the condition that σ (x) n = x n+1 for n ∈ N. It is clear that σ is a continuous surjection. The dynamical system (Σ k , σ ) is called the full shift. If X is non-empty, closed, and σ -invariant (i.e. σ (X ) ⊂ X ), then the dynamical system (X , σ ) is called a subshift.
Example 5.5. Let y = (y 1 , y 2 , . . .) ∈ {2, 3} N and K = {k n } a sequence of positive integers. We will construct a subshift X K y ⊂ Σ 4 = {0, 1, 2, 3} N . To do this we recursively define A n . Let B n = y 1 . . . y n , and A 1 = 11. Assume that A n is defined. We set
Let x = (x 1 , x 2 , . . .) = lim n→∞ A n . Then x is equal to
Let X K y be the orbit closure of x. It is clear that x is a recurrent point so (X K y , σ ) is transitive and that orb(y) ⊂ X K y .
Theorem 5.6. There exists
since it is easy to check that p i = #A i . Let {k i } be a sequence defined inductively such that
Let ε > 0. We will prove that lim sup
For a given i ∈ N, x can be written as
Thus, for every σ n (x) ∈ [A 1 ] and i ∈ N we have p
≤ p i , since A 1 only appears in A i in the above equality, A i is followed by 0 k j for j ≥ i and #A i = p i . This implies that for every
By the previous argument we have that If
Hence, we have lim N→∞ a N /N = 0 as stated above. To conclude the proof we need a standard argument. There is K ε ∈ N such that for any a, b ∈ Σ 4 if a [1, K ε 
Thus x is a diam-mean equicontinuity point.
Furthermore if we choose y so that (orb(y), σ ) has positive topological entropy then we obtain the following corollary. Almost Banach diam-mean equicontinuous systems are almost Banach mean equicontinuous and thus they always have zero topological entropy [28] . This yields the following.
Corollary 5.8. There exists diam-mean equicontinuity points on transitive systems that are not Banach diam-mean equicontinuity points.
In summary, for local properties we have the following diagram. 1) Banach diam-mean eq. point → 2) diam-mean eq. point ↓ ↓ 3) Banach mean eq. point → 4) mean eq. point Every implication is strict. Furthermore, there is no relationship between 2) and 3). By the same reasoning of the previous corollary we have that there exist diam-mean equicontinuity points that are not Banach mean equicontinuity points. On the other hand, 3) does not imply 2); consider a non diam-mean equicontinuous system that is mean equicontinuous, and hence Banach mean equicontinuous.
Remark 5.9. Note that in the proof of Theorem 5.6 we prove that the average diameter of A 1 is zero. This property is stronger than almost diam-mean equicontinuity. Proof. By [28, 6] the maximal equicontinuous factor map π eq yields an isomorphism and (X , T, µ) has discrete spectrum, and hence is measurably distal. Let {V i } be the base for the topology of X .
Let X 0 be the set such that the pointwise multiple ergodic theorem ( [23] ) holds for x ∈ X 0 , each 1 V i and each d ∈ N, i.e. Since B 1 has positive upper density (see (3)) and B j has Banach density 1 (see [28] by considering T j ), there must exist n ∈ ∩ d j=1 B j = / 0. Thus, we have T n (x) ∈ U = B ε (x) and T jn x j ∈ B 2ε (x), 2 ≤ j ≤ d.
We conclude that (x, x, . . . , x) is in the orbit closure of (x, x 2 , . . . , 
